In this paper we propose a new approach for forecasting the cryptocurrency time series, which combines the fuzzy transform and the fuzzy inference system. We also test whether fuzzy transform yields better results forecasting results in comparison to Fourier transform. Finally, we will investigate whether fuzzy rules used in fuzzy inference system can successfully capture high and low volatility moments in the time series, as well as high correlations between the three different cryptocurrencies.
Introduction
Cryptocurrencies have been a new research topic in the financial world, especially in the stock markets during 2018. Although being present on the market for several years, popularity of cryptocurrencies raised and fell immensely in the last year due to overall hype and the fact that they have not been subject to regulatory measures yet. Given the increased trading volume, forecasting cryptocurrency time series is a hot topic for both practitioners and academic researches. However, methods used for forecasting are still mostly traditional statistical ones, which are used for any other time series, such as regression and some econometric methods such as ARIMA [1] [2] [3] . Soft computing methods [4] are also a popular choice for the time series forecasting, with neural network being one of the most popular tools, e. g. [5] [6] [7] .
Besides neural networks, another popular soft computing tools which is used for time series prediction is Fuzzy Inference System (FIS), e.g. [8, 9] . To the best our knowledge, there were no attempts to use FIS for forecasting cryptocurrency time series.
On the other hand, Fourier transform is successfully being used in many hedge funds and investment banks for forecasting the prices of financial derivatives, usually options [10, 11] . The algorithm is to take the discrete Fourier transform (DFT) of the specific derivative or asset and then take the inverse DFT (IDFT) to get the future price. It also has many practical applications in digital signal or image processing, as well as solving partial differential equations or performing other operations such as convolutions [12] . Similar to FIS, there is no evidence for applying Fourier transform on cryptocurrency time series in order to obtain forecasts for the future periods.
The fuzzy (F) transform is a widely known tool for fuzzy modelling [13, 14] , with most applications in time series processing and forecasting [15] [16] [17] , image processing, compression, reconstruction [18] [19] [20] , and in solving differential equations [21] .
In this paper, we first want to test how F and Fourier transforms will perform when forecasting highfrequent and high-volatile data, such as cryptocurrency time series. The idea is to apply FIS together with F and Fourier transforms in order to capture the most volatile periods and correlations between the cryptocurrencies using the fuzzy rules. The reason for using FIS is that cryptocurrency is a relatively new asset on the financial market, and as such, many of its price drivers are still unknown. Therefore, our attempt is to model this vagueness using fuzzy approach. More about using fuzzy logic for modelling of vagueness is presented in [22] . To the best of our knowledge, neither F nor Fourier transforms have been used together with FIS in forecasting cryptocurrency time series. Further comparisons with standard forecasting techniques such as ARIMA, neural networks, etc. are also relevant to consider in future research.
The time series used for testing are the BitCoin, Ethereum and LiteCoin cryptocurrencies. As later explained in Section 3, cryptocurrencies have high correlations with each other, meaning that if one of the currencies has significant up or down trend, the others are most likely to follow the same trend in the near future. As said above, we try to model this behavior using fuzzy rules in FIS. Using of fuzzy rules in modelling is described in [23] [24] [25] .
Finally, our last hypothesis is that technical analysis should be more successful when applied on cryptocurrencies because there is less insider information available due to nature of cryptocurrencies. Therefore, the number of asymmetrical information is reduced, meaning that technical analysis should be more successful in terms of prediction rate when applied for cryptocurrencies compared to regular financial assets.
The paper is organized in the following manner. A more detailed overview and summary of techniques used in this papier, F and Fourier transforms, as well as FIS is given in Section 2. The data used for testing are presented in Section 3. In Section 4 we propose an approach used for forecasting the time series. Results are presented in Section 5. Finally, a summary of the proposed approach, results and a future work is presented in Section 6. If the fuzzy segment   , ab is given by n basic functions, and if f is an arbitrary real continuous function, then direct continuous F-transform of f with respect to the given fuzzy interval is defined as the vector of n real numbers 
Theoretical Background

Fuzzy Transform
If the f is a discrete function, and therefore defined on a set of T points, then direct discrete F-transform with respect to the given fuzzy interval is defined as the vector of n real numbers 
Finally, an inverse F-transform of f is given as:
Fast Fourier Transform
Fourier analysis converts the function from its original domain, which is usually time or space, to a frequency domain by approximating the function with sums or basic trigonometric functions. The process of going back and rebuilding a function from the frequency domain is known as Fourier synthesis.
The DFT is the form of the Fourier analysis which operates on the equally-spaced samples of discrete data with interval usually being in units of time. It converts a signal in the time domain into its counterpart in the frequency domain and is defined as in Equation 5:
An IDFT is then given by:
Given the similarities between Equations 5 and 6, IDFT can also be computed using DFT [25] .
The process of computing DFT from the time series, or its inverse, is called fast Fourier transform (FFT). The most common FFT algorithm is the Cooley-Tukey algorithm, which reduces the overall runtime to 
Fuzzy Inference System
FIS is used to simulate the decision-making process using fuzzy logic. The system consists of multiple inputs, rules and outputs. Each input and output is modelled across the fuzzy space   , ab using the set of membership functions, where a and b can be different for each input/output. As described in Section 2.2, membership function of a fuzzy set A, maps each element to a value between 0 and 1. The value is called the degree of membership and it shows the level of membership of the element in   , ab segment to the fuzzy set A. Membership function is usually a simple function, triangular, trapezoidal or Gaussian, but it can also be custom-modelled. In most cases, using more complex functions does not yield higher precision as one is working in fuzzy universe.
Fuzzy rules are used to describe the relationship between inputs and outputs, and are modelled in an IF-THEN manner. IF conditions can also be combined to create more complex rules (i.e. IF a=A AND b=B THEN c=C).
The process of obtaining outputs using FIS can be split into three subprocesses. First subprocess is fuzzification, where crisp input values are transformed into fuzzy sets using membership functions. Second subprocess is application of fuzzy rules to the fuzzified inputs (this process is similar to human reasoning). Third subprocess is defuzzification, where the fuzzy set obtained after applying rules is transformed back into crisp value(s), which is the output of the FIS. We applied Mamdani's method of fuzzification / defuzzification, as it is the most common method used in FIS due to its simple structure. 
Data
Proposed approach
The whole process of forecasting cryptocurrency time-series consists of following steps: 1) Data preparationcalculation of daily relative price changes for each of the chosen cryptocurrencies, BitCoin, Etherum and LiteCoin.
2) Prediction of the price on the n+1 th day on the basis of n previous daily prices using F-transform and inverse F-transform. 3) Prediction of the price on the n+1 th day on the basis of n previous daily prices using Fourier transform. 4) Creating FIS membership functions for inputs and output, as well as set of rules to be applied. Input values are trade volume and forecasted cryptocurrency prices obtained using F and Fourier transforms. Rules used are explained in Section 4.2.
5)
Running FIS for two iterations, first one being with inputs obtained using F-transform, and the second one being with inputs obtained using Fourier transform. 6) Obtaining crisp output(s) using FIS and comparing results.
In the following subsections, we present forecasting procedures and FIS model in more detail.
Forecasting procedures
We used two techniques for forecasting the data, F and Fourier transform. In order to test the model performance under real settings, we chose the data from 2015 to 2018 that include both flat and volatile periods. Since no typical training for Fourier and F transform is required, we test the model using moving window throughout the whole dataset. Given the fast data flow for cryptocurrencies, we picked the time range of 6 days. In other words, we consider 6 points in time, and uses them to forecast the price for the 7th day. That results in total of 1230 forecasted prices for each of the three cryptocurrencies.
The idea of the forecasting procedure is similar to the one presented in [29] , but the realization and techniques used in model (linear regression) and testing (moving window) are significantly different.
First, we defined 10 triangular membership functions   11 A , as membership functions are equally distanced and identical. The ( ) 11 F is then predicted using least squares regression on previous 10 Fvalues. We tested the order of the fitted polynomial from 1 to 5, but given that using higher order did not yield in significantly better predictions, we used the linear regression.
Finally, forecasted price f7 is calculated based on 11 values of membership functions   1 11 ,, AA and a vector of corresponding F-values   1 11 ,, FF using
The second technique used for forecasting data is the FFT. The window size of 6 days is the same as for the F-transform, and we are predicting the price for the seventh day.
First, we used the least squares regression to fit the polynomial through the 6 daily price points. Similar to the process applied for F-transform, we compared the results obtained using the different order of the polynomial, from 1 to 5, and again decided to use the linear regression as it yielded best results. Next, we calculated differences between the fitted polynomial line and the actual prices. Then, Fourier transform is applied on the differences. Next, a theoretical difference between the actual price on the 7 th day is forecasted by taking the IFFT of the obtained time series and extrapolating it for one more day using Equation 5 and the process described in [28] . The last step is applying forecasted difference on the fitted polynomial curve for the 7 th day.
By using linear regression instead of some non-linear predictor, we assume implicitly that prices in a 6-day segment define a trend and that it will we followed on the 7th day. This assumption could potentially hurt forecasting performance in highly volatile periods. However, bearing in mind that trends in observed time series are mostly strong and long-term, the choice of linear regression as a predictor seems to be justified.
FIS structure
FIS structure has 4 inputs, a set of rules and 1 output. First 3 inputs are the relative price changes obtained from forecasted price time series for each of the 3 cryptocurrencies by using either F or Fourier transforms. For each of those 3 inputs a set of 4 membership functions is created. The membership functions are shown in Figure 5 , where there are 2 membership functions which depict strong relative changes in price and are modelled using the normal distribution with means of +10% and -10%, and 2 membership functions which depict weak relative changes in price and are modelled using Normal distribution with means of +2% and -2%. The intersection between the functions depicting weak changes is larger than the intersection between weak and strong functions due to changes around 0% being small and therefore their impact on the price being close to negligible. Fourth input is the trade volume of the LiteCoin cryptocurrency. The volume input is modelled with 3 triangular membership functions, low, medium and high, and is defined on range from 0 to 10 7 as shown in Figure 6 .
The output is also defined with 3 triangular membership functions, with each function representing one potential action that can be performed, which is to buy the cryptocurrency, to sell it, or to hold, which is to not perform any action. Figure 6 : Action membership functions.
As described in Section 2.1, fuzzy rules are modelled in the IF-THEN manner. Given that the FIS structure has 4 inputs, 3 of them having 4 membership functions and 1 having 3 membership functions, this results in 192 possible rules which include all possible input combinations. We will not present all those rules here, but will instead give a brief summary of how they are created. Each rule has a weight factor (WF), which has a value between 0 and 1, with 1 being default value, and indicating maximum weight applied for the rule. Each input value impacts WF in a certain way. If the volume factor is high, WF remains unchanged. If volume is medium, WF is reduced by 0.2, and if volume is low, WF is reduced by 0.4. The logic behind this is that, the higher the volume, there is more certainty that the forecasted direction of the cryptocurrencies is correct. (e.g. if all 3 cryptocurrencies are predicted to go up, this will more likely to happen with the high trade volume than with the low one, due to impact of single trade being less). If the trend of the main cryptocurrency (LiteCoin) is predicted to be strong (either up or down), WF remains unchanged. If the trend is predicted to be low, WF is reduced by 0.2. Similar logic is applied to the BitCoin and Ethereum inputs, with the only difference being that the impact on WF is 0.1 in case of the low trend. Finally, the direction of the predicted trends impacts the direction of the predicted output in a following manner: if all 3 cryptocurrencies are predicted to go in the same direction, the output will be appropriate action (buy if the trends are up or sell if the trends are down). The same logic is applied if the 2 out of 3 cryptocurrencies have the same predicted trend and 1 of those 2 cryptocurrencies is the LiteCoin. However, due to the third cryptocurrency trend going in the opposite direction, we will reduce the weight of such rule. Finally, if LiteCoin is predicted to go in the different direction than the other 2 cryptocurrencies, the resulting output action is to hold. Some of the rules are presented in Figure 8 : 
Results
First, we present the results for predicting LiteCoin time series using F and Fourier transforms without applying FIS on the predicted results.
For the F-transform, we tested the model with the following parameter values: window size from 5 to 21 days, h value from 0.4 to 1.2, and the order of the polynomial used for regression from 1 to 5. Best results are obtained for the window size of 7 days, h value of 0.6 and the polynomial order of 1, meaning that linear regression was used for calculating forecasted F-value. The forecasting success rate of Ftransform predicting whether to buy or sell the cryptocurrency is 57%.
For the Fourier transform, results were also the best for the window size of 7 days and with usage of linear regression. The forecasting success rate of Fourier transform predicting whether to buy or sell the cryptocurrency is 54%.
As seen on the Figure 1 , price of the LiteCoin almost does not change, and volatility is near zero in the period from 8.7.2015 to 4.7.2017. This is the period when correctly predicting the price movement is difficult, and therefore fuzzy rules are applied for such periods with low volatility resulting in hold action when it is not clear whether the trend is up or down.
The second reason for applying FIS and fuzzy rules is that cryptocurrencies have a high correlation, as said in the Section 3, and therefore, prediction of LiteCoin time series can be improved using the historical BitCoin and Ethereum time series. These two cryptocurrencies are more traded, and therefore if they have strong up or down trends, there is a higher probability that LiteCoin will follow that trend. After applying FIS model described in Section 4.2 on forecasted relative changes in price, the forecasting success rate increased from 57% to 66% when inputs for FIS are obtained using F-transform and from 54% to 61% when inputs for FIS are obtained using Fourier transform. For the low volatility period, the percentage of hold action was close to 64% in both cases. All the results described above are summarized in the Table  1 .
F-Transform Fourier Transform
Without FIS 57 54
With FIS 66 61 Table 1 : Forecast success rate [%] Applying FIS improved the forecasting success rate by 16% when inputs obtained using F-transform were used and by 13% when inputs obtained using Fourier transform were used. The improvement is mostly due to ignoring the incorrect predictions in the low volatility period. These percentages can be improved in several ways. First, membership functions can be improved by either changing the shape, or by better calibration of the inflection points. Second, some of the rules which do not contribute to the successfulness of the model can be identified and removed, as having 192 rules in a relatively simple FIS model is too much and the model can be improved by reducing the number of rules. Third improvement which can be done is defining a trend in the time series in stricter manner. Finally, additional inputs can be added to the FIS, such as impact of recent news related to the cryptocurrencies.
On the other hand, the danger of improving the model too much is in over-training the model for the particular time series. We wanted to keep the model flexible and intuitive, and having 66% success rate with a simple F-transform + FIS model is reasonably good. In papers to come, we will investigate whether the model can be improved by using neural networks while at the same time keeping its simplicity and flexibility.
Conclusion
In this paper we presented a model which combines the time series forecasting ability of the F and Fourier transforms with the FIS ability to simulate the expert decision-making system using fuzzy logic rules. The rules were created with purpose to lower the impact of the low volatility periods when it is especially hard to detect the trend, and to exploit the high correlations between the cryptocurrency time series.
Firstly, the forecasting of LiteCoin time series is performed solely by means of Fouirer or F transform. The window size used for forecasting was 6 days, and the price was predicted for the 7th day. Linear regression was used for both computing the forecasted F-value used for IDFT and for the polynomial fitting for the Fourier transform as using polynomials of higher order did not yield better results. The Ftransform success rate in forecasting 1230 LiteCoin prices across 3.5-yearperiod is 57%, while the Fourier transform success rate is a bit lower, 54%. We therefore conclude that in case of analyzed cryptocurrency, the F-transform is slightly better than the Fourier transform, which is to be expected, as Fourier transform is mostly used for predicting derivatives prices.
To enhance prediction accuracy, a hybrid approach that combines Fourier or F transform with a fuzzy inference system was further considered in the paper. The FIS system used the forecasted relative changes in time series as inputs and outputs appropriate trade action, buy, sell, or hold. The three out of four inputs are forecasted relative changes in price for the 3 cryptocurrencies, while the last one is the trade volume for the LiteCoin, which is the cryptocurrency whose price is forecasted. There are 192 rules which are used in FIS. Using FIS increased forecasting success rate by 16% when used with F-transform and by 13% when used with Fourier transform.
